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1 Induction-Restriction Tables, Determining Induced Char-
acters, and Applications to Group Theory

1.1 Induction-restriction tables

Definition 1.1. Let v; be the irreducible characters of a group H, and let x; be the
irreducible characters of G, where H < G. The induction-restriction table is the

matrix with (4, j)-entry <¢i,Res§(X,-)> (= <Indf1(wi), Xj>)'

Example 1.1. Let H = A4 and G = S;. We have characters 1, x, 2,4 on A4 and x1, X2,
dots, x5 on S4. The induction-restriction table is

X1 | X2 | X3 | X4 ]| X5
17171101010
x| 0|0 1]0|0

lolof[1]o]o
Y [0 ]0 0|11

What does this tell us? It tells us that Ind% (1) = x1 + x2, Ind% (x) = Ind%(x?) = x3, and
Indf () = x4 + X5

1.2 Determining induced characters

Proposition 1.1. Let H < G have finite index, and let g1,..., gk be coset representatives
for G/H. Let 1) be a character of H, and extend ¢ to : G — F by (g) =0 ifg € G\ H.

Then for g € G,
k

nd% (¥)(g) = > ¥(g; " 99:)-

i=1

Proof. Let W be a representation of H with character ¢, and let B = (wy,...,w,) be a
basis. Then Ind$ (W) = F[G] ®@p) W has basis g; ® wj, where g; € G and w; € W. We



have g - gi = g,(;)hi for some o € Si, h; € H for all 1 <i < k. Then
9(9i @ wj) = go(iyhi @ wj = go(s) @ hiwj.

Then pw (g), represented with respect to {g; ® w;} (with lexicographical order), is a k x k
matrix of m x m blocks (m = dimp(W)). Nonzero blocks (i,0(7) are the matrix represen-
tation of py(h;). Then

9; 1 higi). O

||M?v

k k

= > (k) = Y Wl thigi) =
i=1 =1

o(i)=t o(i)=i

We don’t have to only sum over representatives of cosets.

Corollary 1.1. Let G be finite and H < G have finite index. Then

1 _
Ind%(g) = H E b(k~ gk).
keG
kgk—leH

Corollary 1.2. If H 4G and g ¢ H, then Ind%(g) = 0.

Example 1.2. Let G = Dy, where |Da,| = 4n. Then G?" = 7,/27 x 7./27, so we get 4
abelian characters x1, X2, X3, x4 which are trivial, s — 1, r — 1, and rs — 1, respectively.
Let ¢ : H = (r) — CX, where () = {, = €*™/". We then get characters of H,

21 If we let 6; = Ind% (%), this vanishes on all reflections (by the previous
corollary). The left coset representatives of G/H are 1 and s, so 0;(r7) = ¢ + ¢, from
the proposition. The characters y; with 1 < ¢ < n — 1 are distinct, have degree 2, and
are irreducible (as not sums of abelian characters). We have 4 abelian characters, so the
dimensions give 4 - 11 + (n — 1) - 22 = 4n. So these are all the characters of G.

Note that 0;|;p = ¢ + ¢ for 1 <i<n—1, 0g|lg = x1 + X3, and O]z = x2 + x4. So
we can also write out the induction-restriction table.

Corollary 1.3. Let G be finite, and let H N Cy = ]_[leTi, where T; are distinct H -
conjugacy classes. Let h; be a representative of T; for each i. Then

14
Ind%(¢)(g) = [G: H] Y ‘g; ¥ (hi)
i=1

Proof. Note that [{k € G : kgk™' € T;}| = |Z,| - |T;| = ﬁﬂ” By the first corollary,

G
Ind; (¢)(g |H|Z|C|m|¢ i): O



Example 1.3. Let H = 53 < G = §54. Let C,...,C5 be the conjugacy classes in S of
e,(12),(123),(1234),(12)(34) with ¢; = |C;|. Let T1, T, T3 be the conjugacy classes in
Sz ofe, (12),(123). Then C4NS3=C5nN83=0,and C;NS3 =T for al 11 <i < 3. If we
let ¢y = 1, 19 = sgn, 13 = xw of Sy, then let ¢; = Ind%(@bi). We can then calculate these
characters of Sy:

Syele|(12)[(123)](1234)](12)(34)
o114 2 1 0 0
G2 | 4] —2 1 0 0
¢3 18] 0 1 0 0
Then we can calculate
) — i 2 1 . 2 1 ] 2 2 1=1,2
(61,00) = 55l01(P + 11012 + 31on((123) = {3 .

We also have (¢1, x1) = 1 and (¢, x2) = 0, so ¢1 — x1 irreducible of degree 3; this is what
we call x4. Similarly, ¢o — x2 is irreducible of degree 3 and is what we would call x5. We
can also calculate

(#3,x4) = (x3,Xx5) = 1,

which gives us that ¢3 — x4 — x5 is irreducible of degree 2. This is what we would call 3.
So we can find all the irreducible characters in this way.

1.3 Properties of groups in terms of characters

Let G be finite with irreducible characters x1,...,xr. We can calculate properties of the
group from the character table.

Proposition 1.2. N; = {g € G: xi(9) = xi(1)} < G, and all normal subgroups of G have
the form (\;cjy Ni for J C{1,...,r}.

Proposition 1.3. Z; = {g € G : |xi(9)| = xa(1)} LG, and ;_, Zi = Z(G).

Proposition 1.4. Let 1 < i,j < r, let ¢; = |C}l, let n; = deg(x;), and let g € G. Then
xi(95) € Zlpn).

Corollary 1.4. Let n; be the degree of an irreducible representation. Then n; | n.
You can use this to prove the following important theorem.
Theorem 1.1 (Burnside’s theorem). Every group of order p®q® with p, q prime is solvable.

Hopefully, you are now an expert in abstract algebra.
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